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Complete characterization is given for all orthogonal polynomials whose
derivatives are linear combinations of at most two polynomials of the same system.

Ever since 1915 when Luzin [16, p. 50] asked whether there are any
orthogonal systems in addition to the trigonometric system that are invariant
under either differentiation or integration there have been several
investigations conducted towards finding all the orthogonal polynomials
whose derivatives satisfy certain conditions. Such problems have been
solved, for example, in [2, 4-13, 15, 19, 20].

In this paper we give a complete characterization of all orthogonal
polynomials whose derivatives are linear combinations of at most two
polynomials of the same system.

Let da be a finite positive measure on the real line with infinite support
and finite moments. Such a measure da will be called a distribution and the
corresponding system of orthonormal polynomials is denoted by {p,}: s,
where p,(x) =p,(da, x)=y,(da)x" + ---, y,>0. These polynomials p,
satisfy the three-term recurrence relation

Xp(X)=a,  Ppi(x)+b,p,(x)+a,p, (x) (1

n=0, l,.., where a,=0,a,=79,_,/y,, n =1, 2,... and

b= © xpl(x) da(x).

Our results are summarized in the following proposition.
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THEOREM. Let {p,}, be a system of orthonormal polynomials
corresponding to some distribution da. Then the following statements are
equivalent.

(i) There exist two integers j and k and two sequences {e,}s_, and
{e,to | such that j < k and
pr,t = enpn—j + cnpn-k
forn=1,2,..
(ii) There exists a nonnegative constant ¢ such that
p"l = (n/an) pn—l + canan-lan~2pn—3

for n=1,2,..., where a, denotes the recursion coefficient in (1).

(iii) There exist three real numbers c, b and K such that ¢ >0, if ¢ =0
then K > 0, and the recursion coefficients a, and b, in (1) satisfy

n=callal, +a’+al_ ||+ Ka}
forn=1,2,.. and

b,=b

forn=0,1,2,...

(iv) The distribution da is absolutely continuous and there exist four
real numbers D, ¢, b and K such that D > 0,c >0, if c=0 then K > 0, and

K
a'(x) =D exp [—i(x—b)“——(x—-b)z
4 2
Jor —oo < x < 0.

Moreover, if ¢ is given by one of the statements (ii), (iii) or (iv) then in the
remaining statements it has the same value. The same comment applies to b
and K in (iii) and (iv). If c is given by (ii) then b and K in (iii) and (iv)
would still be arbitrary except if ¢ =0 then K must be positive.

Proof. The implication (ii) = (i) is obvious. We will prove (i)= (ii) =
(iii) <> (iv) = (ii). We need to show (iii) < (iv) because of the comments
made about ¢, b and K.

(i) = (ii): Since p} is a polynomial of degree » — 1 the index j must be
1 and by comparing leading coefficients we obtain e, = n/a,. Hence

P:l:(n/an)pn-l_*—cnpnfk' (2)
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First assume that k = 2. Then

p:t=(n/an)pn-l+cnpn—2‘ (3)

Differentiating the recurrence formula (1) and evaluating p, . ,, p; and p,_,
by (3) we obtain

n
X (_pnfl + C,,p,,_z) +pn
a,

n
=(n+1)p,+ (an+lcn+1 +b"a_> Pn_y

n

n—1
+ <bncn +a, T) Ppata,Cp_Py_s-

n—1

Expressing here xp,_, in terms of the recurrence formula and dividing both
sides by n/a, we get

anan+lcn+1

an—lancn
+bn_ n—1

xpn‘lzanpn‘lh < n n

a,b,c, ain—1) a,b,_,c,
+<nnn+ ( )__ 2 )p";z

n a, n n
2
ancnfl _ anan~2cn
n n n-3

which compared with the recurrence formula leads to
ancn~l:an72cn’ (4)
narzrfl:anan—lbncn_ananflbn—zcn*_(n—l)aft (5)

and

AuQy.1Cpit An_1G,C
bn_l=bn+ n ’l-:l n+ _ n " n H. (6)
It follows from (4) that
Cnt  __ Cn n=34
an—lan-Z ananAl,

so that there exists a constant ¢ such that

C,=0a,a, ., n=2,3,... (M



ORTHOGONAL POLYNOMIALS 137

Substituting (7) into (5) and (6) we obtain
na,_,=caya, (b, —b, )+ @m—1)a, (8)

and

ca’

bnfl:bn+"_[a31+l_aft-1] )

for n=3,4,... Now we can use (9) to evaluate b,—b, , in (8) and
proceeding this way we get

”aifl =c2a'f,af,71 n— 1)71("3,‘2'_‘131)
+canpay_n '(a,_,—a,. )+ (n—1)al,

which we can rewrite as

n n—1 c'a;_a; , clai,a; cla,,ai caja; (10)
al al n—1 n+1 nin+1) (n—Dn’

Since a? > 0 for n =1, 2,... we obtain from (10) that the sequence
n  clal, a4l clalal
al n+ 1 n

decreases for n = 3, 4,.... Therefore there exists a constant 4 > 0 such that

a%Jr Czsﬁ; ‘laf' Czainaf'“ <A, n=34,.
and thus
n<Aal (11)
and
clal. al<A(n+1) (12)

for n=3,4,... From (11) and (12) we conclude that

An+1 A3
c2<__(2+_2)<_
an+1an n

and letting n — o0 we get ¢ = 0 so that by (7) formula (3) takes the form

pp=(nfa,)p, s, n=23,..
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which proves (ii) when k=2 with ¢=0. Next let k= 3. Then we have to
show that ¢, in (2) satisfies

c,=10a,a,_,a,_;, n=3,4,. (13)
with some constant ¢ > 0. We have

p;:(n/an)pn—l—*'cnpn—}‘ (14)

First we will derive some relationships which we will use in establishing
(if) = (iii) as well. If we differentiate the recurrence formula (1) and
substitute p;, ,, p; and p,_, by the expression obtained from (14) then we
get

n
X (a_ D, + CoPn-3 ) +pn

n

b
=(n+1)p,+n—p, ,
a,
n—1
+ Ayi1Cnr1 + a, a—> Pn2 + bncnpn73 +ancn—lpn—d

n—1

and applying the recurrence formula to xp,_, and xp,_; we end up with

n n
np, +a—bn—1pn—l + a_an‘l + cnan—Z)pn~2 + Cnbn—lpn—,l

n n
bn
+ Ch@p 3Dn 4 +pn = (n + l)pn + na_pn—]

n—1
+ (an+lcn+1 + a, ‘;_)pn~2 + bncnpnfl + a,Cy 1Pn-4- (15)

n—1

Comparing the coefficients in (15) we obtain

b,=by 1, (16)
n n—1
a—a"_‘+c"a"—2= Ayt Cpi1@nyts (17
n n—-1
cnbnff!:cnbn (18)
and
Cp8,_3=C,_14, (19)

for n=2,3,.... Now (13) follows from (19) with some constant c. In order
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to show that ¢ in (13) is nonnegative we apply ¢, =ca,a,_,a,_, to (17) and
we obtain

n
2 _ 2
a_an—l+canan—1an-l_ an+can+lanan~l’

h n—1
which we rewrite in the form

n n

2 2 2 _ 2 2 2

?_C(an+l+an+anvl)_ 2 _c(an+an71+an-2)
n n—1

for n =2, 3,.... Hence there exists a constant K such that
(n/af,)—c(af,+1+af,+ai_l)=K (20)

for n=1,2,... If ¢ is negative then K > 0 and n/a} < K, —ca), < K so that
—ne < k*, n=1,2,.., which is impossible. Thus ¢ in (13) is nonnegative.
Consequently we have proved (i)= (ii) when k in (2) equals 3. Now let
k> 3 in (2). Differentiating again the recurrence formula (1) and applying
(2) we obtain

n
x (a—pnfl + C,,p,,,k) + P,

b n—1
= (n+ 1)pn + n_npn—l +an_pn—2
a, a,_

+ an+1cn+1pn-k+1 + bncnpn—k + ancn—lpn-k‘l

so that by the recurrence formula (1)

n n
np, + _bn~1pn—l +—a, Dy 2t Cly i\ Pk
a, a,

+ cn'bn—kpn—k + Ch@y_kPn—k-1 +pn
b, n—1
=m+Dp, + na_p"‘l +ana—pn—2 F 1 Coyt Proks
n n—1

+ bncnpn—k + ApCp_1Pn_k—1-

Hence

—an_1= an9 (21)
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Ch@p k41 = 41Cn+15

(22)
Cnbn~k:bncn
and
ChQp = Cp1 Gy (23)
forn=2,3,4,..By (23), ¢,,:8,_t,1=Cna,,, and thus by (22)
CnCrs1@n 1= CnCpy1Gnys (24)
It follows from (21) that
ar21-+-1 _ afl-k+l (25)

n+l n—k+1
for n=k, k + 1,... and substituting (25) into (24) we obtain

n+1
cncn+l:cncn+lm

for n=k,k+1,... Hence c,c,,, =0 for n=4k, k+ 1,... and by (22) ¢, =0
for n=k, k + 1,.... Thus again we see that (ii) holds with ¢ = 0.

(ii)= (iii)): We proved that (14) implies (16) and (2) which is
equivalent to (iii) provided that b, = b, as well. We can show b, =5, as
follows. We have

xpy=a,p,+b,p,+a,p,

and differentiating this and using

;= (2/ay) p,
we obtain

Xy +p=2p,+ by,

so that

pr=7i(x—by). (26)
By the recurrence formula

Xpo=a,p, + by p,.
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Hence

P =7,(x — by). (27)

Comparing (26) and (27) we can conclude that b, = b,,.
(iv)= (ii): Let d be given by (iv). Then integration by parts yields

[* P p@ da)=[" 19, pix))" dax)
o - (28)
= P p)lelx ) + K(x — b)] da(x)

for n > 1> 0. Hence
j LX) pix) da(x)=0, 0LI<n—3 (29)

and since da is symmetric with respect to b, p,(x)p, ,{(x) is an even
polynomial in the variable (x — b) so that by (28)

[ piep, o) da) =0, (30)
Moreover,
|” p)pu s da) =" It 4 by ) da) G
= e ) dat) =
and by (28)
|” pipa s dat)=c [ p,x)p,x)x — 1) daC) (32)

=" Pl x4 ] da)

=cZi2 " ol + ) da)

Yn-3 =c V-1 VYn—2 Vn—3 _

}'n })n ‘Ynfl yn~2
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It follows from (29), (30), (31) and (32) that the Fourier series expansion of
p,, in the system {p,} is given by

P;, = (n/an)pn—l t+ca,a,_ 14, ;P43

which establishes (ii).

(iv)= (iii): If da is defined by (iv) then it is symmetric around b so
that all the coefficients b, in the recurrence formula (1) equal 5. We can find
the coefficients a, from (28), (31) and the recurrence formula. Since b,=b
for n=0, 1, 2,..., we have

(x - b)pn71 = anpn + an—lpn—29
2 2 2 (33)
(x - b) pn—l = anan+1pn+l + (an + an-l)pn—l + anflan~2pn~3

and

(X —=0)’ Pyt = y8y1Qns2 Pusa + ay(an 0, + a5 )P, (34)
ta, y(ar+a,  +a; )P, 2+a, 18, 28, 3D, 4
Combining (28), (31), (33) and (34) we obtain
nfa,=ca,(a,, +a,+a, ,)+Ka,

and thus (iii) holds.

(iii) = (iv): The moment problem for da in (iv) has a unique solution
[3, p. 80]. Hence it suffices to show that for any given real ¢, b and K such
that ¢ > 0 and K > 0 if ¢ =0, the equations

n=cailal,, +a;+a,_,| +Kaj, (35)

n=1,2,..,a;=0and

b,=b,

n

n=0,1,2,..., have unique real solutions {a,} and {b,} such that a, > O for
n=1,2,... Obviously it is sufficient to examine solutions of (35). Moreover,
if ¢ =0 in (35) then a2 is uniquely determined. Now suppose that ¢ in (35) is
positive. When K = 0 in (35) then the uniqueness of {a,} was proved in [14]
and [17]. For arbitrary K we use the following argument. Let {a,} be a
sequence satisfying (35) and assume that a, > 0 for n=1, 2,.... Define the
sequence of polynomials {g,} (n =0, 1,...) by the recurrence formula

Xqn(X) = Qpi1Gns1(6) + @G5 1(%)s (36)

n=0,1,.,q,(x)=1. By Favard’s theorem [3, p.60] there exists a
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distribution df such that the polynomials g, are orthonormal with respect to

df. We have by (35)
nja, > ca, + Ka,

—K +\/K* + 4nc
< 2c

from which
a2

n

so that
o0
Y a,
n=1

Thus by Karleman’s theorem [21, p.59] the distribution df is uniquely

determined by the sequence {a,} and by g,. It follows from (36) that g, is
(37)

either even or odd depending whether # is even or odd. Hence
n=0,12,...

J'OO X2 gf(x) = 0,

Moreover, we have
[ %4,(0 4, ,(x) dBx) = a,,

[ 0,4, 0) dB(x) = ay(a}., + @)+ a )

n

and
JOCOO [qn(x) q,- l(x)]’ dﬁ(x) — _a_

for n=1, 2,..., so that by (35)
|” 0q ) )= a0, e’ + kx| dbx)

for n=1, 2,.... Since g,9,_, is an odd polynomial of degree exactly 2n — 1,
(38)

the system {q,q,_,} spans all odd polynomials. Thus

2n—1) jw X272 dB(x) = jw X" Vex® + Kx| dB(x).
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We obtain from (37) and (38) that

(n+1)fc X" d/}(x):fo X" [ex® + Kx] dB(x) (39)

for n=0, 1, 2,.... We can rewrite (39) in terms of the moments u, of dff as
m+Du,=cty,s+ Kty n=0,1,2,.. (40)

Now we will show that

lim 7 '(u,)""=0. (41

n—0o0

Let n be even. Then by (40)

Clpta < (n + 1 + ‘K|) max{:un+29:un}
and applying this inequality repeatedly we obtain
My < (N + k| = 3)N =272 max{u, , 4o}

for N=4,6,..., from which (41) follows since by (37) ¢, =0 for n odd. It
follows from (39) and (41) that

n

e[ = 5 5l e el

is an entire function of ¢, and interchanging summation and integration we
obtain
e 0] e 0]
j (tx + 1) e dB(x) = j e[ex* + Kx2| dB(x). (42)
o _

Since by (37)

[7 lex + Kx) dbCo) =0, (43)

integration of (42) with respect to ¢ yields

‘ jw e dp(x) = jw e*[ex’ + Kx| dB(x). (44)
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Letting ¢ = iu, u real, and integrating the right side of (44) by parts we
obtain by (43)

f ww e dp)=—{ et xw [e* + K] dB(y) dx. (45)

— oo —

It follows from (44) that
lim j e~ dp(x) = 0.

Thus by Wiener’s theorem (22, p. 261 |
B = dB()

is a continuous function of x. Now we can apply the inverse Fourier
transformation to both sides of (45) and we arrive at

[ =~ [ lez* + Kzl dp) dy

so that df is absolutely continuous and
B (x) = —j [ez® + Kz] dB(z) = ~j [ez’ + Kz| B'(2) dz.

Therefore we obtain that §’ is absolutely continuous as well, and
B"(x) = —[ex® + Kx] B’ (x).

Consequently,

B’ (x) = const exp [—%x“ __Izixz] (46)

where the constant is uniquely determined by the condition

|” arase =" aper=1.

We have

azzytzx(dﬂ)z 1 —
" yidB)  yi@p)

jio x? dB(x)

640/40/2-4
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so that by (46)

2 (% ¢ 4__K 2 * _ 4__K 2
al—Jloox exp[ 4x 2x ]a’x/([“ooexp[ 4x 2dex.

Thus we proved that if {a,} satisfies (35) and @, > O for n =1, 2.... then a, is
given by (47), which means that the sequence {a,} is uniquely determined.
Thus the theorem has been completely proved.
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